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Abstract: The Ostrowski inequality has recently been widely recognized as a powerful mathematical tool for modeling and analysing many 
physical and real-world events. This inequality has been applied across diverse mathematical fields, including complex analysis, numerical 
analysis, functional analysis, and stochastic analysis. The purpose of this paper is to develop Ostrowski's type integral inequalities by using 
a special type of 13-steps quadratic kernel. The incorporation of this new kernel gives some new error bounds for various quadrature 
rules. Applications for cumulative distributive functions are also discussed. 
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1. Introduction 

Integral inequalities play a crucial role in various mathematical 
applications. These inequalities have gained significant 
prominence in recent years, evolving into a distinct field of study 
within mathematics. This evolution has led to significant 
advancements and deeper insights, enhencing our understanding 
and application of integral inequalities in complex mathematical 
and real-world problems. Notably, Ostrowski [1] discovered the 
integral inequality now known as the "Ostrowski inequality" in 
1938. Inequalities and their applications have been extensively 
discussed in various research publications and articles (for 
example, [2-6]). The primary objective of our research is to 
develop generalized results using a novel approach "a 13-step 
quadratic kernel" that extends previously published findings in [7-
12]. Recent work by various authors (e.g., [13-17]) has further 
utilized these developments to establish numerous valuable and 
noteworthy inequalities. Furthermore, we explore different 
results by utilizing the Diaz-Metcalf inequality, Cauchy inequality, 
and Grüss inequality. Finally, these inequalities are applied to the 
cumulative distribution function. 

 
2. Main Findings 

Before presenting our main results, we must first establish the 
following lemma. 
𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳: Let 𝑌𝑌:[ 𝓇𝓇, š]→ℝ be such that 𝑌𝑌′ is absolutely 

continuous on [𝓇𝓇, š ]. Define the kernel P(𝓉𝓉, ŭ) as 

P(𝓉𝓉, ŭ) =
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; ŭ ∈ �𝓇𝓇+𝓉𝓉
2

, 𝓉𝓉]
1
2
�ŭ − 𝓇𝓇+š
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�
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�ŭ − 𝓇𝓇+3š
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(ŭ − š)2 ; ŭ ∈ �𝓇𝓇+32š−𝓉𝓉
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, š],

 (2.1) 

 ∀𝓉𝓉 ∈ �𝓇𝓇, 𝓇𝓇−š
2
�. 
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𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷:  
Integrating by parts, we have the following identity 

 ∫ 𝑃𝑃(𝓉𝓉, ŭ)š
𝓇𝓇 𝑌𝑌′′(ŭ)𝑑𝑑ŭ 

= � 𝑌𝑌(ŭ)𝑑𝑑ŭ
š

𝓇𝓇
−

š − 𝓇𝓇
4 �𝑌𝑌(𝓉𝓉) + 𝑌𝑌(𝓇𝓇 + š − 𝓉𝓉) +

1
2 �𝑌𝑌 �

𝓇𝓇 + 𝓉𝓉
2 � + 𝑌𝑌 �

𝓇𝓇 + 2š− 𝓉𝓉
2 ��  

+
1
4 �𝑌𝑌 �

3𝓇𝓇 + 𝓉𝓉
4 � + 𝑌𝑌 �

𝓇𝓇 + 4š− 𝓉𝓉
4 �� +

1
8 �𝑌𝑌 �

7𝓇𝓇 + 𝓉𝓉
8 � + 𝑌𝑌 �

𝓇𝓇 + 8š− 𝓉𝓉
8 �� 

+
1

16
�𝑌𝑌 �

15𝓇𝓇 + 𝓉𝓉
16 � + 𝑌𝑌 �

𝓇𝓇 + 16š− 𝓉𝓉
16 � + 𝑌𝑌 �

31𝓇𝓇 + 𝓉𝓉
32 � + 𝑌𝑌 �

𝓇𝓇 + 32š− 𝓉𝓉
32 �� 

+ �𝓉𝓉 −
5𝓇𝓇 + 3š

8
� �2{𝑌𝑌(𝓇𝓇 + š − 𝓉𝓉) − 𝑌𝑌(𝓉𝓉)} +

1
2 �𝑌𝑌 �

𝓇𝓇 + 2š − 𝓉𝓉
2 � 

−𝑌𝑌 �
𝓇𝓇 + 𝓉𝓉

2 �� +
1
8 �𝑌𝑌 �

𝓇𝓇 + 4š − 𝓉𝓉
4 � − 𝑌𝑌 �

3𝓇𝓇 + 𝓉𝓉
4 �� +

1
32 �𝑌𝑌 �

𝓇𝓇 + 8š − 𝓉𝓉
8 � 

−𝑌𝑌 �
7𝓇𝓇 + 𝓉𝓉

8 �� +
1

128 �𝑌𝑌 �
𝓇𝓇 + 16š− 𝓉𝓉

16 � − 𝑌𝑌 �
15𝓇𝓇 + 𝓉𝓉

16 ��� 

+ 1
512

�𝓉𝓉 − 3𝓇𝓇+š
4
� �𝑌𝑌 �𝓇𝓇+32š−𝓉𝓉

32
� − 𝑌𝑌 �31𝓇𝓇+𝓉𝓉

32
���.    (2.2) 

. 
Now, we are going to use following three different conditions on 𝑌𝑌′′𝑎𝑎𝑎𝑎𝑎𝑎 𝑌𝑌′′′ to present our results. 
𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 𝟏𝟏:  𝐹𝐹𝐹𝐹𝐹𝐹 𝑌𝑌′′ ∈ 𝐿𝐿¹[𝓇𝓇, š] 
𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻 𝟏𝟏.  Let 𝑌𝑌: [𝓇𝓇, š] → ℝ be differentiable on (𝓇𝓇, š),𝑌𝑌′is absolutely continuous on 

 [𝓇𝓇, š]𝑎𝑎𝑎𝑎𝑎𝑎 𝛾𝛾 ≤ 𝑌𝑌′′(ŭ) ≤ 𝛤𝛤, ∀ ŭ ∈ [𝓇𝓇, š]. Then ∀ 𝓉𝓉 ∈ �𝓇𝓇, �((𝓇𝓇+š)
2
��, we get 

�
1
4
�𝑌𝑌(𝓉𝓉) + 𝑌𝑌(𝓇𝓇 + š − 𝓉𝓉) +

1
2 �𝑌𝑌 �

𝓇𝓇 + 𝓉𝓉
2 � + 𝑌𝑌 �

𝓇𝓇 + 2š − 𝓉𝓉
2 �� + �

1
4𝑌𝑌 �

3𝓇𝓇 + 𝓉𝓉
4 � 

+𝑌𝑌 �
𝓇𝓇 + 𝓇𝓇 − 𝓉𝓉

4 �� +
1
8 �𝑌𝑌 �

7𝓇𝓇 + 𝓉𝓉
8 � + 𝑌𝑌 �

𝓇𝓇 + 8š− 𝓉𝓉
8 �� +

1
16 �𝑌𝑌 �

15𝓇𝓇 + 𝓉𝓉
16 � 

+𝑌𝑌 �
𝓇𝓇 + 16š− 𝓉𝓉

16
� + 𝑌𝑌 �

31𝓇𝓇 + 𝓉𝓉
32 � + 𝑌𝑌 �

𝓇𝓇 + 32š− 𝓉𝓉
32 �� + �𝓉𝓉 −

5𝓇𝓇 + 3š
8 � �{2𝑌𝑌(𝓇𝓇 + š − 𝓉𝓉) 

−𝑌𝑌(𝓉𝓉)} +
1
2 �𝑌𝑌 �

𝓇𝓇 + 2š− 𝓉𝓉
2 � − 𝑌𝑌 �

𝓇𝓇 + 𝓉𝓉
2 �� +

1
8 �𝑌𝑌 �

𝓇𝓇 + 4š − 𝓉𝓉
4 � − 𝑌𝑌 �

3𝓇𝓇 + 𝓉𝓉
4 �� 

+
1

32 �𝑌𝑌 �
𝓇𝓇 + 8š− 𝓉𝓉

8 � − 𝑌𝑌 �
7𝓇𝓇 + 𝓉𝓉

8 �� +
1

128 �𝑌𝑌 �
𝓇𝓇 + 16š− 𝓉𝓉

16 � − 𝑌𝑌 �
15𝓇𝓇 + 𝓉𝓉

16 ��� 

+
1

512
�𝓉𝓉 −

3𝓇𝓇 + š
4 � �𝑌𝑌 �

𝓇𝓇 − 32š− 𝓉𝓉
32 � − 𝑌𝑌 �

31𝓇𝓇 + 𝓉𝓉
32 ��� +

𝑌𝑌(š) − 𝑌𝑌(𝓇𝓇)
(š − 𝓇𝓇)2  

× �
1

98304
(𝓉𝓉 − 𝓇𝓇)3 +

4681
12288 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

3

−
12483
32768 �𝓉𝓉 −

𝓇𝓇 + š
2 �

3

� −
1

š− 𝓇𝓇� 𝑌𝑌(ŭ)𝑑𝑑ŭ
š

𝓇𝓇
� 

≤ 𝑣𝑣(𝓉𝓉)(š− 𝓇𝓇)(𝑆𝑆 − 𝛾𝛾)     (2.3) 
 
and 
 

�
1
4 �𝑌𝑌

(𝓉𝓉) + 𝑌𝑌(𝓇𝓇 + š − 𝓉𝓉) +
1
2 �𝑌𝑌 �

𝓇𝓇 + 𝓉𝓉
2 � + 𝑌𝑌 �

𝓇𝓇 + 2š − 𝓉𝓉
2 �� + �

1
4𝑌𝑌 �

3𝓇𝓇 + 𝓉𝓉
4 � 

+𝑌𝑌 �
𝓇𝓇 + 𝓇𝓇 − 𝓉𝓉

4 �� +
1
8 �𝑌𝑌 �

7𝓇𝓇 + 𝓉𝓉
8 � + 𝑌𝑌 �

𝓇𝓇 + 8š− 𝓉𝓉
8 �� +

1
16 �𝑌𝑌 �

15𝓇𝓇 + 𝓉𝓉
16 � 

+𝑌𝑌 �
𝓇𝓇 + 16š− 𝓉𝓉

16
� + 𝑌𝑌 �

31𝓇𝓇 + 𝓉𝓉
32 � + 𝑌𝑌 �

𝓇𝓇 + 32š− 𝓉𝓉
32 �� + �𝓉𝓉 −

5𝓇𝓇 + 3š
8 � �{2𝑌𝑌(𝓇𝓇 + š − 𝓉𝓉) 

−𝑌𝑌(𝓉𝓉)} +
1
2
�𝑌𝑌 �

𝓇𝓇 + 2š− 𝓉𝓉
2 � − 𝑌𝑌 �

𝓇𝓇 + 𝓉𝓉
2 �� +

1
8 �𝑌𝑌 �

𝓇𝓇 + 4š − 𝓉𝓉
4 � − 𝑌𝑌 �

3𝓇𝓇 + 𝓉𝓉
4 �� 

+
1

32 �𝑌𝑌 �
𝓇𝓇 + 8š− 𝓉𝓉

8 � − 𝑌𝑌 �
7𝓇𝓇 + 𝓉𝓉

8 �� +
1

128 �𝑌𝑌 �
𝓇𝓇 + 16š− 𝓉𝓉

16 � − 𝑌𝑌 �
15𝓇𝓇 + 𝓉𝓉

16 ��� 

+
1

512
�𝓉𝓉 −

3𝓇𝓇 + š
4 � �𝑌𝑌 �

𝓇𝓇 − 32š− 𝓉𝓉
32 � − 𝑌𝑌 �

31𝓇𝓇 + 𝓉𝓉
32 ��� +

𝑌𝑌(š) − 𝑌𝑌(𝓇𝓇)
(š − 𝓇𝓇)2  

× �
1

98304
(𝓉𝓉 − 𝓇𝓇)3 +

4681
12288

�𝓉𝓉 −
3𝓇𝓇 + š

4
�
3

−
12483
32768

�𝓉𝓉 −
𝓇𝓇 + š

2
�
3

� −
1

š− 𝓇𝓇
� 𝑌𝑌(ŭ)𝑑𝑑ŭ

š

𝓇𝓇
� 

≤ 𝑣𝑣(𝓉𝓉)(š − 𝓇𝓇)(𝛤𝛤 − 𝑆𝑆),     (2.4) 
where 
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𝑆𝑆 =
𝑌𝑌(š) − 𝑌𝑌(𝓇𝓇)

š − 𝓇𝓇  

and 

𝑣𝑣(𝓉𝓉) = 𝑚𝑚𝑚𝑚𝑚𝑚 ��
1

2048
(𝓉𝓉 − 𝓇𝓇)2 −

∝ (𝓉𝓉)
š − 𝓇𝓇� , �

1
512 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇�, 

�
1

128
�𝓉𝓉 −

3𝓇𝓇 + š
4 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇� , �

1
32 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇� , �

1
8 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇�, 

�
1
2 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇� , �

1
2 �𝓉𝓉 −

𝓇𝓇 + š
2 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇� , �

1
8 �𝓉𝓉 −

𝓇𝓇 + š
2 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇�, 

�
1

32 �𝓉𝓉 −
𝓇𝓇 + š

2 �
2

−
∝ (𝓉𝓉)
š −𝓇𝓇� , �

1
128 �𝓉𝓉 −

𝓇𝓇 + š
2 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇� , �

1
512 �𝓉𝓉 −

𝓇𝓇 + š
2 �

2

−
∝ (𝓉𝓉)
š− 𝓇𝓇�, 

�
1

2048 �𝓉𝓉 −
𝓇𝓇 + š

2 �
2

−
∝ (𝓉𝓉)
š − 𝓇𝓇� , �

∝ (𝓉𝓉)
š −𝓇𝓇��. 

𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷:  
We know that 

1
š−𝓇𝓇 ∫ 𝑌𝑌′′(ŭ)𝑑𝑑ŭ −š

𝓇𝓇
𝑌𝑌′(š)−𝑌𝑌′(𝓇𝓇)

š−𝓇𝓇
     (2.5) 

and 

 1
š−𝓇𝓇 ∫ 𝑃𝑃(𝓉𝓉, ŭ)𝑑𝑑ŭš

𝓇𝓇  

= 1
š−𝓇𝓇

� 1
98304

(𝓉𝓉 − 𝓇𝓇)3 + 4681
12288

�𝓉𝓉 − 3𝓇𝓇+š
4
�
3
− 12483

32768
�𝓉𝓉 − 𝓇𝓇+š

2
�
3
�,  (2.6) 

which implies that 
1

š − 𝓇𝓇� 𝑃𝑃(𝓉𝓉, ŭ)𝑌𝑌′′(ŭ)𝑑𝑑ŭ −
1

(š − 𝓇𝓇)2
š

𝓇𝓇
� 𝑃𝑃(𝓉𝓉, ŭ)

š

𝓇𝓇
� 𝑌𝑌′′(ŭ)𝑑𝑑ŭ

š

𝓇𝓇
 

=
1

š− 𝓇𝓇� 𝑌𝑌′′(ŭ)𝑑𝑑ŭ
š

𝓇𝓇
−

1
4 �𝑌𝑌

(𝓉𝓉) + 𝑌𝑌(𝓇𝓇 + š − 𝓉𝓉) +
1
2 �𝑌𝑌 �

𝓇𝓇 + 𝓉𝓉
2 � + 𝑌𝑌 �

𝓇𝓇 + 2š− 𝓉𝓉
2 �� 

+
1
4 �𝑌𝑌 �

3𝓇𝓇 + 𝓉𝓉
4 � + 𝑌𝑌 �

𝓇𝓇 + 4š− 𝓉𝓉
4 �� +

1
8 �𝑌𝑌 �

7𝓇𝓇 + 𝓉𝓉
8 � + 𝑌𝑌 �

𝓇𝓇 + 8š− 𝓉𝓉
8 �� 

+
1

16
�𝑌𝑌 �

15𝓇𝓇 + 𝓉𝓉
16 � + 𝑌𝑌 �

𝓇𝓇 + 16š− 𝓉𝓉
16 � + 𝑌𝑌 �

31𝓇𝓇 + 𝓉𝓉
32 � + 𝑌𝑌 �

𝓇𝓇 + 32š− 𝓉𝓉
32 �� 

+ �𝓉𝓉 −
5𝓉𝓉 + 3š

8 � �2{𝑌𝑌′(𝓇𝓇 + š − 𝓉𝓉) − 𝑌𝑌′(𝓉𝓉)} +
1
2 �+𝑌𝑌′ �

𝓇𝓇 + 2š − 𝓉𝓉
2 � 

−𝑌𝑌′ �
𝓇𝓇 + 𝓉𝓉

2
�� +

1
8 �𝑌𝑌′ �

𝓇𝓇 + 4š − 𝓉𝓉
4 � − 𝑌𝑌′ �

3𝓇𝓇 + 𝓉𝓉
4 �� +

1
32 �𝑌𝑌′ �

𝓇𝓇 + 8š− 𝓉𝓉
8 � 

−𝑌𝑌′ �
7𝓇𝓇 + 𝓉𝓉

8 �� +
1

128 �𝑌𝑌′ �
𝓇𝓇 + 16š− 𝓉𝓉

16 � − 𝑌𝑌′ �
15𝓇𝓇 + 𝓉𝓉

16 ��� 

+
1

512 �𝓉𝓉 −
3𝓇𝓇 + š

4
� �𝑌𝑌′ �

𝓇𝓇 + 32š− 𝓉𝓉
32

� − 𝑌𝑌′ �
31𝓇𝓇 + 𝓉𝓉

32
��� 

𝑌𝑌′(š)−𝑌𝑌′(𝓇𝓇)
(š−𝓇𝓇)2 � 1

98304
(𝓉𝓉 − 𝓇𝓇)3 + 4681

12288
�𝓉𝓉 − 3𝓇𝓇+š

4
�
3
− 12483

32768
�𝓉𝓉 − 𝓇𝓇+š

2
�
3
�.        (2.7) 

We suppose that  

𝑅𝑅𝑛𝑛(𝓉𝓉) = 1
š−𝓇𝓇 ∫ 𝑃𝑃(𝓉𝓉, ŭ)𝑌𝑌′′(ŭ)𝑑𝑑ŭ − 1

(š−𝓇𝓇)2
š
𝓇𝓇 ∫ 𝑃𝑃(𝓉𝓉, ŭ)š

𝓇𝓇 ∫ 𝑌𝑌′′(ŭ)𝑑𝑑ŭš
𝓇𝓇 .              (2.8) 

If 𝐶𝐶 ∈ 𝑅𝑅 is an arbitrary constant, then we have 

𝑅𝑅𝑛𝑛(𝓉𝓉) = 1
š−𝓇𝓇 ∫ (𝑌𝑌′′(ŭ) − 𝑐𝑐) �𝑃𝑃(𝓉𝓉, ŭ) − 1

š−𝓇𝓇 ∫ 𝑃𝑃(𝓉𝓉, š)𝑑𝑑šš
𝓇𝓇 �š

𝓇𝓇 𝑑𝑑ŭ.             (2.9) 

Furthermore, we have 
𝑅𝑅𝑛𝑛(𝓉𝓉) 

≤ 1
š−𝓇𝓇

𝑚𝑚𝑚𝑚𝑚𝑚ŭ∈[𝓇𝓇,š] ∫ (𝑌𝑌′′(ŭ) − 𝑐𝑐) �𝑃𝑃(𝓉𝓉, ŭ) − 1
š−𝓇𝓇 ∫ 𝑃𝑃(𝓉𝓉, š)𝑑𝑑šš

𝓇𝓇 �š
𝓇𝓇 ∫ |𝑌𝑌′′(ŭ) − 𝑐𝑐|š

𝓇𝓇 𝑑𝑑ŭ.                 (2.10) 

Now 

 𝑚𝑚𝑚𝑚𝑚𝑚 �𝑃𝑃(𝓉𝓉, ŭ) − 1
š−𝓇𝓇 ∫ 𝑃𝑃(𝓉𝓉, š)š

𝓇𝓇 𝑑𝑑š� 

= 𝑚𝑚𝑚𝑚𝑚𝑚 ��
1

2048
(𝓉𝓉 − 𝓇𝓇)2 −

∝ (𝓉𝓉)
š −𝓇𝓇� , �

1
512 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

2

−
∝ (𝓉𝓉)
š −𝓇𝓇�, 

�
1

128
�𝓉𝓉 −

3𝓇𝓇 + š
4 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇� , �

1
32 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇� , �

1
8 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇�, 
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�
1
2 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇� , �

1
2 �𝓉𝓉 −

𝓇𝓇 + š
2 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇� , �

1
8 �𝓉𝓉 −

𝓇𝓇 + š
2 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇�, 

�
1

32 �𝓉𝓉 −
𝓇𝓇 + š

2 �
2

−
∝ (𝓉𝓉)
š −𝓇𝓇� , �

1
128 �𝓉𝓉 −

𝓇𝓇 + š
2 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇� , �

1
512 �𝓉𝓉 −

𝓇𝓇 + š
2 �

2

−
∝ (𝓉𝓉)
š− 𝓇𝓇�, 

� 1
2048

�𝓉𝓉 − 𝓇𝓇+š
2
�
2
− ∝(𝓉𝓉)

š−𝓇𝓇
� , �∝(𝓉𝓉)

š−𝓇𝓇
��.            (2.11) 

Where 

∝ (𝓉𝓉) =
1

98304
(𝓉𝓉 − 𝓇𝓇)3 +

4681
12288 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

3

−
12483
32768 �𝓉𝓉 −

𝓇𝓇 + š
2 �

3

. 

We suppose that 

𝑣𝑣(𝓉𝓉) = 𝑚𝑚𝑚𝑚𝑚𝑚 ��
1

2048
(𝓉𝓉 − 𝓇𝓇)2 −

∝ (𝓉𝓉)
š − 𝓇𝓇� , �

1
512 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇�, 

�
1

128
�𝓉𝓉 −

3𝓇𝓇 + š
4 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇� , �

1
32 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇� , �

1
8 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇�, 

�
1
2 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇� , �

1
2 �𝓉𝓉 −

𝓇𝓇 + š
2 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇� , �

1
8 �𝓉𝓉 −

𝓇𝓇 + š
2 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇�, 

�
1

32 �𝓉𝓉 −
𝓇𝓇 + š

2 �
2

−
∝ (𝓉𝓉)
š −𝓇𝓇� , �

1
128 �𝓉𝓉 −

𝓇𝓇 + š
2 �

2

−
∝ (𝓉𝓉)
š − 𝓇𝓇� , �

1
512 �𝓉𝓉 −

𝓇𝓇 + š
2 �

2

−
∝ (𝓉𝓉)
š− 𝓇𝓇�, 

� 1
2048

�𝓉𝓉 − 𝓇𝓇+š
2
�
2
− ∝(𝓉𝓉)

š−𝓇𝓇
� , �∝(𝓉𝓉)

š−𝓇𝓇
��.      (2.12) 

We also have  

∫ |𝑌𝑌′′(ŭ) − 𝛾𝛾|𝑑𝑑ŭš
𝓇𝓇 = (𝑆𝑆 − 𝛾𝛾)(š − 𝓇𝓇),          (2.13) 

∫ |𝑌𝑌′′(ŭ) − 𝛤𝛤|𝑑𝑑ŭš
𝓇𝓇 = (𝛤𝛤 − 𝑆𝑆)(š − 𝓇𝓇).       (2.14) 

 
So, we attain (2.3) and (2.4) by using (2.5)-(2.14) and taking 𝐶𝐶 = 𝛾𝛾 and 𝐶𝐶 = 𝛤𝛤 in (2.10) respectively. 
 

 𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 𝟏𝟏.  By replacing  𝓉𝓉 = 𝓇𝓇+š
2

 (2.3) and (2.4), then 

�
1
4
𝑌𝑌 �

𝓇𝓇 + š
2 � +

1
8 �𝑌𝑌 �

3𝓇𝓇 + š
4 � + 𝑌𝑌 �

𝓇𝓇 + 3š
4 �� +

1
16 �𝑌𝑌 �

7𝓇𝓇 + š
8 � + 𝑌𝑌 �

𝓇𝓇 + 7š
8 �� 

1
32 �𝑌𝑌 �

15𝓇𝓇 + š
16 � + 𝑌𝑌 �

𝓇𝓇 + 15š
16 �� +

1
64 �𝑌𝑌 �

31𝓇𝓇 + š
32 � + 𝑌𝑌 �

𝓇𝓇 + 31š
32 � + 𝑌𝑌 �

63𝓇𝓇 + š
64 � 

+𝑌𝑌 �
𝓇𝓇 + 63š

64
�� + (š − 𝓇𝓇) �

1
64 �𝑌𝑌′ �

𝓇𝓇 + 3š
4 � − 𝑌𝑌′ �

3𝓇𝓇 + š
4 �� +

1
256 �𝑌𝑌′ �

𝓇𝓇 + 7š
8 � 

−𝑌𝑌′ �
7𝓇𝓇 + š

8
�� +

1
1024 �𝑌𝑌′ �

𝓇𝓇 + 15š
16 � − 𝑌𝑌′ �

15𝓇𝓇 + š
16 �� +

1
4096 �𝑌𝑌′ �

𝓇𝓇 + 31š
32 � 

−𝑌𝑌′ �
31𝓇𝓇 + š

32
�� +

1
8192

�𝑌𝑌′ �
𝓇𝓇 + 63š

64
� − 𝑌𝑌′ �

63𝓇𝓇 + š
64

��� 

+
2341

393216
(š − 𝓇𝓇){𝑌𝑌′(š) − 𝑌𝑌′(𝓇𝓇)} −

1
š − 𝓇𝓇� 𝑌𝑌(ŭ)𝑑𝑑ŭ

š

𝓇𝓇
 

≤ 𝑣𝑣 �
𝓇𝓇 + š

2 � (𝑆𝑆 − 𝛾𝛾)(š −𝓇𝓇). 

And 

�
1
4
𝑌𝑌 �

𝓇𝓇 + š
2 � +

1
8 �𝑌𝑌 �

3𝓇𝓇 + š
4 � + 𝑌𝑌 �

𝓇𝓇 + 3š
4 �� +

1
16 �𝑌𝑌 �

7𝓇𝓇 + š
8 � + 𝑌𝑌 �

𝓇𝓇 + 7š
8 �� 

1
32 �𝑌𝑌 �

15𝓇𝓇 + š
16

� + 𝑌𝑌 �
𝓇𝓇 + 15š

16
�� +

1
64

�𝑌𝑌 �
31𝓇𝓇 + š

32
� + 𝑌𝑌 �

𝓇𝓇 + 31š
32

� + 𝑌𝑌 �
63𝓇𝓇 + š

64
� 

+𝑌𝑌 �
𝓇𝓇 + 63š

64
�� + (š − 𝓇𝓇) �

1
64 �𝑌𝑌′ �

𝓇𝓇 + 3š
4 � − 𝑌𝑌′ �

3𝓇𝓇 + š
4 �� +

1
256 �𝑌𝑌′ �

𝓇𝓇 + 7š
8 � 

−𝑌𝑌′ �
7𝓇𝓇 + š

8 �� +
1

1024
�𝑌𝑌′ �

𝓇𝓇 + 15š
16

� − 𝑌𝑌′ �
15𝓇𝓇 + š

16
�� +

1
4096

�𝑌𝑌′ �
𝓇𝓇 + 31š

32
� 

−𝑌𝑌′ �
31𝓇𝓇 + š

32 �� +
1

8192 �𝑌𝑌′ �
𝓇𝓇 + 63š

64 � − 𝑌𝑌′ �
63𝓇𝓇 + š

64 ��� 

+
2341

393216
(š − 𝓇𝓇){𝑌𝑌′(š) − 𝑌𝑌′(𝓇𝓇)} −

1
š − 𝓇𝓇� 𝑌𝑌(ŭ)𝑑𝑑ŭ

š

𝓇𝓇
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≤ 𝑣𝑣 �
𝓇𝓇 + š

2 � (𝛤𝛤 − 𝑆𝑆)(š − 𝓇𝓇). 

 𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 𝟐𝟐:  𝐹𝐹𝐹𝐹𝐹𝐹 𝑌𝑌′′′ ∈ 𝐿𝐿²[𝓇𝓇, š] 

𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻 𝟐𝟐.  𝐿𝐿𝐿𝐿𝐿𝐿 𝑌𝑌: [𝓇𝓇, š] → ℝ be three times differentiable function 𝑜𝑜𝑜𝑜 (𝓇𝓇, š). 𝐼𝐼𝐼𝐼 𝑌𝑌′′′ ∈ 𝐿𝐿²[𝓇𝓇, š], then for all 𝓉𝓉 ∈ �𝓇𝓇, 𝓇𝓇+š
2
�, we have 

�
1
4
�𝑌𝑌(𝓉𝓉) + 𝑌𝑌(𝓇𝓇 + š − 𝓉𝓉) +

1
2 �𝑌𝑌 �

𝓇𝓇 + 𝓉𝓉
2 � + 𝑌𝑌 �

𝓇𝓇 + 2š − 𝓉𝓉
2 �� +

1
4 �𝑌𝑌 �

3𝓇𝓇 + 𝓉𝓉
4 � 

+𝑌𝑌 �
𝓇𝓇 + 4š − 𝓉𝓉

4 �� +
1
8 �𝑌𝑌 �

7𝓇𝓇 + 𝓉𝓉
8 � + 𝑌𝑌 �

𝓇𝓇 + 8š− 𝓉𝓉
8 �� +

1
16 �𝑌𝑌 �

15𝓇𝓇 + 𝓉𝓉
16 � 

+𝑌𝑌 �
𝓇𝓇 + 16š− 𝓉𝓉

16
� + 𝑌𝑌 �

31𝓇𝓇 + 𝓉𝓉
32 � + 𝑌𝑌 �

𝓇𝓇 + 32š− 𝓉𝓉
32 �� + �𝓉𝓉 −

5𝓇𝓇 + 3š
8 � 

× �2{𝑌𝑌′(𝓇𝓇 + š − 𝓉𝓉) −  𝑌𝑌′(𝓉𝓉)} +
1
2 �𝑌𝑌′ �

𝓇𝓇 + 2š− 𝓉𝓉
2 � − 𝑌𝑌′ �

𝓇𝓇 + 𝓉𝓉
2 �� 

+
1
8
�𝑌𝑌′ �

𝓇𝓇 + 4š− 𝓉𝓉
4 � − 𝑌𝑌′ �

3𝓇𝓇 + 𝓉𝓉
4 �� +

1
32 �𝑌𝑌′ �

𝓇𝓇 + 8š− 𝓉𝓉
8 � − 𝑌𝑌′ �

7𝓇𝓇 + 𝓉𝓉
8 �� 

+
1

128 �𝑌𝑌′ �
𝓇𝓇 + 16š− 𝓉𝓉

16 � − 𝑌𝑌′ �
15𝓇𝓇 + 𝓉𝓉

16 ��� +
1

512 �𝓉𝓉 −
3𝓇𝓇 + š

4 � 

× �𝑌𝑌′ �
𝓇𝓇 + 32š− 𝓉𝓉

32 � − 𝑌𝑌′ �
31𝓇𝓇 + 𝓉𝓉

32 ���+
𝑌𝑌′(š) − 𝑌𝑌′(𝓇𝓇)

(š −𝓇𝓇)2 �
1

98304
(𝓉𝓉 − 𝓇𝓇)3 

+
4681

12288 �𝓉𝓉 −
3𝓇𝓇 + š

4 �
3

−
12483
32768 �𝓉𝓉 −

𝓇𝓇 + š
2 �

3

� −
1

š −𝓇𝓇� 𝑌𝑌(ŭ)𝑑𝑑ŭ
š

𝓇𝓇
� 

≤
1
𝜋𝜋
‖𝑌𝑌′′′‖2 �

1
167772160

(𝓉𝓉 − 𝓇𝓇)5 +
1082401
5242880 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

5

 

−
34636833

167772160
�𝓉𝓉 −

𝓇𝓇 + š
2 �

5

 

− 1
š−𝓇𝓇

� 1
98304

(𝓉𝓉 − 𝓇𝓇)3 + 4681
12288

�𝓉𝓉 − 3𝓇𝓇+š
4
�
3
− 12483

32768
�𝓉𝓉 − 𝓇𝓇+š

2
�
3
�
2
�

1
2

.   (2.15) 

 𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷:  𝐿𝐿𝐿𝐿𝐿𝐿 𝑅𝑅𝑛𝑛(𝓉𝓉) 𝑖𝑖𝑖𝑖 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑎𝑎𝑎𝑎 𝑖𝑖𝑖𝑖 (2.8) 
 𝑅𝑅𝑛𝑛(𝓉𝓉) 

=
1

š −𝓇𝓇
� 𝑃𝑃(𝓉𝓉, ŭ)𝑌𝑌′′(ŭ)𝑑𝑑ŭ −

1
(š − 𝓇𝓇)2

š

𝓇𝓇
� 𝑃𝑃(𝓉𝓉, ŭ)

š

𝓇𝓇
� 𝑌𝑌′′(ŭ)𝑑𝑑ŭ

š

𝓇𝓇
. 

If we take 𝐶𝐶 = 𝑌𝑌′′ �𝓇𝓇+š
2
� in (2.9) and by applying the Cauchy inequality, then 

|𝑅𝑅𝑛𝑛(𝓉𝓉)| ≤
1

š −𝓇𝓇� �𝑌𝑌′′(ŭ) − 𝑌𝑌′′ �
𝓇𝓇 + š

2 �� �𝑃𝑃(𝓉𝓉, ŭ) −
1

š − 𝓇𝓇� 𝑃𝑃(𝓉𝓉, š)𝑑𝑑š
š

𝓇𝓇
� 𝑑𝑑ŭ

š

𝓇𝓇
 

≤
1

š− 𝓇𝓇 �� �𝑌𝑌′′(ŭ) − 𝑌𝑌′′�
𝓇𝓇+š
2 ��

2

𝑑𝑑ŭ
š

𝓇𝓇
�

1
2
�� �𝑃𝑃(𝓉𝓉, ŭ) −

1
š− 𝓇𝓇� 𝑃𝑃(𝓉𝓉, š)

š

𝓇𝓇
𝑑𝑑š�

2

𝑑𝑑ŭ
š

𝓇𝓇
�

1
2

. 

We apply the Diaz-Metcalf inequality to get 

� �𝑌𝑌′′(ŭ) − 𝑌𝑌′′ �
𝓇𝓇 + š

2
��

2

𝑑𝑑ŭ
š

𝓇𝓇
≤

(š − 𝓇𝓇)2

𝜋𝜋2
‖𝑌𝑌′′′‖22. 

So 

� �𝑃𝑃(𝓉𝓉,ŭ) −
1

š − 𝓇𝓇
� 𝑃𝑃(𝓉𝓉, š)

š

𝓇𝓇
𝑑𝑑š�

2

𝑑𝑑ŭ
š

𝓇𝓇
 

=
1

167772160
(𝓉𝓉 − 𝓇𝓇)5 +

1082401
5242880

�𝓉𝓉 −
3𝓇𝓇 + š

4
�
5

−
34636833

167772160
�𝓉𝓉 −

𝓇𝓇 + š
2

�
5

 

− 1
š−𝓇𝓇

� 1
98304

(𝓉𝓉 − 𝓇𝓇)3 + 4681
12288

�𝓉𝓉 − 3𝓇𝓇+š
4
�
3
− 12483

32768
�𝓉𝓉 − 𝓇𝓇+š

2
�
3
�
2

.   (2.16) 

By using (2.7) in above inequalities, we get (2.15). 

𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 𝟐𝟐. By replacing 𝓉𝓉 = 𝓇𝓇+š
2

 in (2.15), we get 

�
1
4
𝑌𝑌 �

𝓇𝓇 + š
2 � +

1
8 �𝑌𝑌 �

3𝓇𝓇 + š
4 � + 𝑌𝑌 �

𝓇𝓇 + 3š
4 �� +

1
16 �𝑌𝑌 �

7𝓇𝓇 + š
8 � + 𝑌𝑌 �

𝓇𝓇 + 7š
8 �� 

1
32

�𝑌𝑌 �
15𝓇𝓇 + š

16
� + 𝑌𝑌 �

𝓇𝓇 + 15š
16

�� +
1

64
�𝑌𝑌 �

31𝓇𝓇 + š
32

� + 𝑌𝑌 �
𝓇𝓇 + 31š

32
� + 𝑌𝑌 �

63𝓇𝓇 + š
64

� 

+𝑌𝑌 �
𝓇𝓇 + 63š

64
�� + (š − 𝓇𝓇) �

1
64 �𝑌𝑌′ �

𝓇𝓇 + 3š
4 � − 𝑌𝑌′ �

3𝓇𝓇 + š
4 �� +

1
256 �𝑌𝑌′ �

𝓇𝓇 + 7š
8 � 
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−𝑌𝑌′ �
7𝓇𝓇 + š

8 �� +
1

1024 �𝑌𝑌′ �
𝓇𝓇 + 15š

16 � − 𝑌𝑌′ �
15𝓇𝓇 + š

16 �� +
1

4096 �𝑌𝑌′ �
𝓇𝓇 + 31š

32 � 

−𝑌𝑌′ �
31𝓇𝓇 + š

32 �� +
1

8192 �𝑌𝑌′ �
𝓇𝓇 + 63š

64 � − 𝑌𝑌′ �
63𝓇𝓇 + š

64 ��� 

+
2341

393216
(š − 𝓇𝓇){𝑌𝑌′(š) − 𝑌𝑌′(𝓇𝓇)} −

1
š − 𝓇𝓇� 𝑌𝑌(ŭ)𝑑𝑑ŭ

š

𝓇𝓇
 

≤
1
𝜋𝜋
‖𝑌𝑌′′′‖2(š − 𝓇𝓇)

5
2

1
196608

�2337080251
10 . 

 𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 𝟑𝟑: 𝐹𝐹𝐹𝐹𝓇𝓇 𝑌𝑌′′ ∈ 𝐿𝐿²[𝓇𝓇, š] 
𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻 𝟑𝟑.𝐿𝐿𝐿𝐿𝐿𝐿 𝑌𝑌: [𝓇𝓇, š] → ℝ be an absolutely continuous function on (𝓇𝓇, š), with 𝑌𝑌′′′ ∈ 𝐿𝐿²[𝓇𝓇, š]. Then 

�
1
4 �𝑌𝑌

(𝓉𝓉) + 𝑌𝑌(𝓇𝓇 + š − 𝓉𝓉) +
1
2 �𝑌𝑌 �

𝓇𝓇 + 𝓉𝓉
2 � + 𝑌𝑌 �

𝓇𝓇 + 2š − 𝓉𝓉
2 �� +

1
4 �𝑌𝑌 �

3𝓇𝓇 + 𝓉𝓉
4 � 

+𝑌𝑌 �
𝓇𝓇 + 4š − 𝓉𝓉

4
�� +

1
8 �𝑌𝑌 �

7𝓇𝓇 + 𝓉𝓉
8 � + 𝑌𝑌 �

𝓇𝓇 + 8š− 𝓉𝓉
8 �� +

1
16 �𝑌𝑌 �

15𝓇𝓇 + 𝓉𝓉
16 � 

+𝑌𝑌 �
𝓇𝓇 + 16š− 𝓉𝓉

16 � + 𝑌𝑌 �
31𝓇𝓇 + 𝓉𝓉

32 � + 𝑌𝑌 �
𝓇𝓇 + 32š− 𝓉𝓉

32 �� + �𝓉𝓉 −
5𝓇𝓇 + 3š

8 � 

× �2{𝑌𝑌′(𝓇𝓇 + š − 𝓉𝓉) −  𝑌𝑌′(𝓉𝓉)} +
1
2
�𝑌𝑌′ �

𝓇𝓇 + 2š− 𝓉𝓉
2 � − 𝑌𝑌′ �

𝓇𝓇 + 𝓉𝓉
2 �� 

+
1
8 �𝑌𝑌′ �

𝓇𝓇 + 4š− 𝓉𝓉
4 � − 𝑌𝑌′ �

3𝓇𝓇 + 𝓉𝓉
4 �� +

1
32 �𝑌𝑌′ �

𝓇𝓇 + 8š− 𝓉𝓉
8 � − 𝑌𝑌′ �

7𝓇𝓇 + 𝓉𝓉
8 �� 

+
1

128 �𝑌𝑌′ �
𝓇𝓇 + 16š− 𝓉𝓉

16 � − 𝑌𝑌′ �
15𝓇𝓇 + 𝓉𝓉

16 ��� +
1

512 �𝓉𝓉 −
3𝓇𝓇 + š

4 � 

× �𝑌𝑌′ �
𝓇𝓇 + 32š− 𝓉𝓉

32 � − 𝑌𝑌′ �
31𝓇𝓇 + 𝓉𝓉

32 ���+
𝑌𝑌′(š) − 𝑌𝑌′(𝓇𝓇)

(š −𝓇𝓇)2 �
1

98304
(𝓉𝓉 − 𝓇𝓇)3 

+
4681

12288 �𝓉𝓉 −
3𝓇𝓇 + š

4 �
3

−
12483
32768 �𝓉𝓉 −

𝓇𝓇 + š
2 �

3

� −
1

š −𝓇𝓇� 𝑌𝑌(ŭ)𝑑𝑑ŭ
š

𝓇𝓇
� 

≤
�𝜎𝜎(𝑌𝑌′′)

š − 𝓇𝓇 �
1

167772160
(𝓉𝓉 − 𝓇𝓇)5 +

1082401
5242880 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

5

−
34636833

167772160 �𝓉𝓉 −
𝓇𝓇 + š

2 �
5

 

− 1
š−𝓇𝓇

� 1
98304

(𝓉𝓉 − 𝓇𝓇)3 + 4681
12288

�𝓉𝓉 − 3𝓇𝓇+š
4
�
3
− 12483

32768
�𝓉𝓉 − 𝓇𝓇+š

2
�
3
�
2
�

1
2

,          (2.17) 

∀ 𝓉𝓉 ∈ �𝓇𝓇,𝓇𝓇+š
2
�,  

where 

𝜎𝜎(𝑌𝑌′′) = ‖𝑌𝑌′′‖2 −
�𝑌𝑌′(š) − 𝑌𝑌′(𝓇𝓇)�

2

š −𝓇𝓇 = ‖𝑌𝑌′′‖22 − š2(š − 𝓇𝓇) 

and S is defined in 𝑇𝑇ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 1. 

𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷: 𝐿𝐿𝐿𝐿𝐿𝐿 𝑅𝑅𝑛𝑛(𝓉𝓉) be defined as in (2.8). If we take 𝐶𝐶 = 1
š−𝓇𝓇 ∫ 𝑌𝑌′′(š)š

𝓇𝓇 𝑑𝑑š in (2.9) and by applying the Cauchy inequality and (2.16), then 

|𝑅𝑅𝑛𝑛(𝓉𝓉)| ≤
1

š − 𝓇𝓇� �𝑌𝑌′′(ŭ) −
1

š − 𝓇𝓇� 𝑌𝑌′′(š)𝑑𝑑š
š

𝓇𝓇
� �𝑃𝑃(𝓉𝓉, ŭ) −

1
š − 𝓇𝓇� 𝑃𝑃(𝓉𝓉, š)𝑑𝑑š

š

𝓇𝓇
� 𝑑𝑑ŭ

š

𝓇𝓇
 

≤
1

š − 𝓇𝓇 �� �𝑌𝑌′′(ŭ) −
1

š − 𝓇𝓇� 𝑌𝑌′′(š)𝑑𝑑š
š

𝓇𝓇
�
2

𝑑𝑑ŭ
š

𝓇𝓇
�

1
2

�� �𝑃𝑃(𝓉𝓉, ŭ) −
1

š− 𝓇𝓇� 𝑃𝑃(𝓉𝓉, š)
š

𝓇𝓇
𝑑𝑑š�

2

𝑑𝑑ŭ
š

𝓇𝓇
�

1
2

 

=
�𝜎𝜎(𝑌𝑌′′)

š −𝓇𝓇 �
1

167772160
(𝓉𝓉 − 𝓇𝓇)5 +

1082401
5242880

�𝓉𝓉 −
3𝓇𝓇 + š

4
�
5

−
34636833

167772160
�𝓉𝓉 −

𝓇𝓇 + š
2

�
5

 

−
1

š − 𝓇𝓇
�

1
98304

(𝓉𝓉 − 𝓇𝓇)3 +
4681

12288
�𝓉𝓉 −

3𝓇𝓇 + š
4

�
3

−
12483
32768

�𝓉𝓉 −
𝓇𝓇 + š

2
�
3

�
2

�

1
2

. 

By using above equations, we get (2.17). 

𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 𝟑𝟑. By replacing 𝓉𝓉 = 𝓇𝓇+š
2

 in (2.17), we get 

�
1
4
𝑌𝑌 �

𝓇𝓇 + š
2

� +
1
8
�𝑌𝑌 �

3𝓇𝓇 + š
4

� + 𝑌𝑌 �
𝓇𝓇 + 3š

4
�� +

1
16

�𝑌𝑌 �
7𝓇𝓇 + š

8
� + 𝑌𝑌 �

𝓇𝓇 + 7š
8

�� 

1
32 �𝑌𝑌 �

15𝓇𝓇 + š
16 � + 𝑌𝑌 �

𝓇𝓇 + 15š
16 �� +

1
64 �𝑌𝑌 �

31𝓇𝓇 + š
32 � + 𝑌𝑌 �

𝓇𝓇 + 31š
32 � + 𝑌𝑌 �

63𝓇𝓇 + š
64 � 

+𝑌𝑌 �
𝓇𝓇 + 63š

64
�� + (š − 𝓇𝓇) �

1
64

�𝑌𝑌′ �
𝓇𝓇 + 3š

4
� − 𝑌𝑌′ �

3𝓇𝓇 + š
4

�� +
1

256
�𝑌𝑌′ �

𝓇𝓇 + 7š
8

� 
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−𝑌𝑌′ �
7𝓇𝓇 + š

8 �� +
1

1024 �𝑌𝑌′ �
𝓇𝓇 + 15š

16 � − 𝑌𝑌′ �
15𝓇𝓇 + š

16 �� +
1

4096 �𝑌𝑌′ �
𝓇𝓇 + 31š

32 � 

−𝑌𝑌′ �
31𝓇𝓇 + š

32 �� +
1

8192 �𝑌𝑌′ �
𝓇𝓇 + 63š

64 � − 𝑌𝑌′ �
63𝓇𝓇 + š

64 ��� 

+
2341

393216
(š − 𝓇𝓇){𝑌𝑌′(š) − 𝑌𝑌′(𝓇𝓇)} −

1
š − 𝓇𝓇� 𝑌𝑌(ŭ)𝑑𝑑ŭ

š

𝓇𝓇
 

≤ �𝜎𝜎(𝑌𝑌′′)(š − 𝓇𝓇)
5
2

1
196608

�2337080251
10 . 

 
3. An Applications to Cumulative Distributive Function 
    Let X be a random variable taking values in the finite interval [𝓇𝓇, š] with the probability density function 𝑌𝑌: [𝓇𝓇, š] → [0,1] and cumulative 
distributive function 

𝐹𝐹(𝓉𝓉) = 𝑃𝑃𝓇𝓇(𝑇𝑇 ≤ 𝓉𝓉) = � 𝑌𝑌(ŭ)𝑑𝑑ŭ
𝓉𝓉

𝓇𝓇
, 

𝐹𝐹(š) = 𝑃𝑃𝓇𝓇(𝑇𝑇 ≤ š) = � 𝑌𝑌(𝑒𝑒)𝑑𝑑𝑑𝑑 = 1
š

𝓇𝓇
. 

𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻 𝟒𝟒.    With the assumptions of 𝑇𝑇ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 1, we have the following inequality which holds 

�
š− 𝐸𝐸(𝑇𝑇)

š− 𝓇𝓇
−

1
4 �𝐹𝐹

(𝓉𝓉) + 𝐹𝐹(𝓇𝓇 + š − 𝓉𝓉) +
1
2 �𝐹𝐹 �

𝓇𝓇 + 𝓉𝓉
2 � + 𝐹𝐹 �

𝓇𝓇 + 2š− 𝓉𝓉
2 �� +

1
4 �𝐹𝐹 �

3𝓇𝓇 + 𝓉𝓉
4 � 

+𝐹𝐹 �
𝓇𝓇 + 4š − 𝓉𝓉

4 �� +
1
8 �𝐹𝐹 �

7𝓇𝓇 + 𝓉𝓉
8 � + 𝐹𝐹 �

𝓇𝓇 + 8š− 𝓉𝓉
8 �� +

1
16 �𝐹𝐹 �

15𝓇𝓇 + 𝓉𝓉
16 � 

+𝐹𝐹 �
𝓇𝓇 + 16š− 𝓉𝓉

16
� + 𝐹𝐹 �

31𝓇𝓇 + 𝓉𝓉
32 � + 𝐹𝐹 �

𝓇𝓇 + 32š− 𝓉𝓉
32 �� + �𝓉𝓉 −

5𝓇𝓇 + 3š
8 � {2{𝐹𝐹′(𝓇𝓇 + š − 𝓉𝓉) 

−𝐹𝐹′(𝓉𝓉)} +
1
2 �𝐹𝐹′ �

𝓇𝓇 + 2š− 𝓉𝓉
2 � − 𝐹𝐹′ �

𝓇𝓇 + 𝓉𝓉
2 �� +

1
8 �𝐹𝐹′ �

𝓇𝓇 + 4š − 𝓉𝓉
4 � − 𝐹𝐹′ �

3𝓇𝓇 + 𝓉𝓉
4 �� 

+
1

32 �𝐹𝐹′ �
𝓇𝓇 + 8š− 𝓉𝓉

8 � − 𝐹𝐹′ �
7𝓇𝓇 + 𝓉𝓉

8 �� +
1

128 �𝐹𝐹′ �
𝓇𝓇 + 16š− 𝓉𝓉

16 � − 𝐹𝐹′ �
15𝓇𝓇 + 𝓉𝓉

16 ��� 

+
1

512 �𝓉𝓉 −
3𝓇𝓇 + š

4 � �𝐹𝐹′ �
𝓇𝓇 + 32š− 𝓉𝓉

32 � − 𝐹𝐹′ �
31𝓇𝓇 + 𝓉𝓉

32 ��� −
𝐹𝐹′(š) − 𝐹𝐹′(𝓇𝓇)

(š − 𝓇𝓇)2  

×
1

98304
(𝓉𝓉 − 𝓇𝓇)3 +

4681
12288 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

3

−
12483
32768 �𝓉𝓉 −

𝓇𝓇 + š
2 �

3

� 

≤ 𝑣𝑣(𝓉𝓉)(š− 𝓇𝓇)(𝑆𝑆 − 𝛾𝛾)              (3.1) 
and 

�
š− 𝐸𝐸(𝑇𝑇)

š− 𝓇𝓇 −
1
4 �𝐹𝐹

(𝓉𝓉) + 𝐹𝐹(𝓇𝓇 + š − 𝓉𝓉) +
1
2 �𝐹𝐹 �

𝓇𝓇 + 𝓉𝓉
2 � + 𝐹𝐹 �

𝓇𝓇 + 2š− 𝓉𝓉
2 �� +

1
4 �𝐹𝐹 �

3𝓇𝓇 + 𝓉𝓉
4 � 

+𝐹𝐹 �
𝓇𝓇 + 4š − 𝓉𝓉

4 �� +
1
8 �𝐹𝐹 �

7𝓇𝓇 + 𝓉𝓉
8 � + 𝐹𝐹 �

𝓇𝓇 + 8š− 𝓉𝓉
8 �� +

1
16 �𝐹𝐹 �

15𝓇𝓇 + 𝓉𝓉
16 � 

+𝐹𝐹 �
𝓇𝓇 + 16š− 𝓉𝓉

16
� + 𝐹𝐹 �

31𝓇𝓇 + 𝓉𝓉
32

� + 𝐹𝐹 �
𝓇𝓇 + 32š− 𝓉𝓉

32
�� + �𝓉𝓉 −

5𝓇𝓇 + 3š
8

� {2{𝐹𝐹′(𝓇𝓇 + š − 𝓉𝓉) 

−𝐹𝐹′(𝓉𝓉)} +
1
2
�𝐹𝐹′ �

𝓇𝓇 + 2š− 𝓉𝓉
2 � − 𝐹𝐹′ �

𝓇𝓇 + 𝓉𝓉
2 �� +

1
8 �𝐹𝐹′ �

𝓇𝓇 + 4š − 𝓉𝓉
4 � − 𝐹𝐹′ �

3𝓇𝓇 + 𝓉𝓉
4 �� 

+
1

32 �𝐹𝐹′ �
𝓇𝓇 + 8š− 𝓉𝓉

8
� − 𝐹𝐹′ �

7𝓇𝓇 + 𝓉𝓉
8

�� +
1

128
�𝐹𝐹′ �

𝓇𝓇 + 16š− 𝓉𝓉
16

� − 𝐹𝐹′ �
15𝓇𝓇 + 𝓉𝓉

16
��� 

+
1

512 �𝓉𝓉 −
3𝓇𝓇 + š

4 � �𝐹𝐹′ �
𝓇𝓇 + 32š− 𝓉𝓉

32 � − 𝐹𝐹′ �
31𝓇𝓇 + 𝓉𝓉

32 ��� −
𝐹𝐹′(š) − 𝐹𝐹′(𝓇𝓇)

(š − 𝓇𝓇)2  

× �
1

98304
(𝓉𝓉 − 𝓇𝓇)3 +

4681
12288 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

3

−
12483
32768 �𝓉𝓉 −

𝓇𝓇 + š
2 �

3

�� 

≤ 𝑣𝑣(𝓉𝓉)(š− 𝓇𝓇)(𝛤𝛤 − 𝑆𝑆).               (3.2) 

∀ 𝓉𝓉 ∈ �𝓇𝓇,𝓇𝓇+š
2
�, where 𝐸𝐸(𝑇𝑇) is the expectation of  𝑇𝑇. 

𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷:   By (2.3) and (2.4) on choosing 𝑌𝑌 = 𝐹𝐹  and using the fact 

𝐸𝐸(𝑇𝑇) = � ŭ𝑑𝑑𝑑𝑑(𝑈𝑈)
𝓉𝓉

𝓇𝓇
= 𝓉𝓉 − � 𝐹𝐹(ŭ)𝑑𝑑ŭ,

𝓉𝓉

𝓇𝓇
 

we obtain (3.1) 𝑎𝑎𝑎𝑎𝑎𝑎 (3.2). 

𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 4.  By replacing  𝓉𝓉 = 𝓇𝓇+š
2

 in(3.1) 𝑎𝑎𝑎𝑎𝑎𝑎 (3.2), then 
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�
š − 𝐸𝐸(𝑇𝑇)

š − 𝓇𝓇 − �
1
2𝐹𝐹 �

𝓇𝓇 + š
2 � +

1
8 �𝐹𝐹 �

3𝓇𝓇 + š
4 � + 𝐹𝐹 �

𝓇𝓇 + 3š
4 �� +

1
16 �𝐹𝐹 �

7𝓇𝓇 + š
8 � 

+𝐹𝐹 �
𝓇𝓇 + 7š

8 �� +
1

32 �𝐹𝐹 �
15𝓇𝓇 + š

16 � + 𝐹𝐹 �
𝓇𝓇 + 15š

16 �� +
1

64 �𝐹𝐹 �
31𝓇𝓇 + š

32 � +𝐹𝐹 �
𝓇𝓇 + 31š

32 � 

+𝐹𝐹 �
63𝓇𝓇 + š

64
� + 𝐹𝐹 �

𝓇𝓇 + 63š
64 �� + (š −𝓇𝓇) �

1
64 �𝐹𝐹′ �

𝓇𝓇 + 3š
4 � − 𝐹𝐹′ �

3𝓇𝓇 + š
4 �� 

+
1

256 �𝐹𝐹′ �
𝓇𝓇 + 7š

8 � − 𝐹𝐹′ �
7𝓇𝓇 + š

8 �� +
1

1024 �𝐹𝐹′ �
𝓇𝓇 + 15š

16 � − 𝐹𝐹′ �
15𝓇𝓇 + š

16 �� 

+
1

4096
�𝐹𝐹′ �

𝓇𝓇 + 31š
32 � − 𝐹𝐹′ �

31𝓇𝓇 + š
32 �� +

1
8192 �𝐹𝐹′ �

𝓇𝓇 + 63š
64 � − 𝐹𝐹′ �

63𝓇𝓇 + š
64 ��� 

−
2341

393216
(š −𝓇𝓇){𝐹𝐹′(š) − 𝐹𝐹′(𝓇𝓇)}� 

≤ 𝑣𝑣(𝓉𝓉)(š −𝓇𝓇)(𝑆𝑆 − 𝛾𝛾) 
and  

�
š − 𝐸𝐸(𝑇𝑇)

š − 𝓇𝓇 − �
1
2𝐹𝐹 �

𝓇𝓇 + š
2 � +

1
8 �𝐹𝐹 �

3𝓇𝓇 + š
4 � + 𝐹𝐹 �

𝓇𝓇 + 3š
4 �� +

1
16 �𝐹𝐹 �

7𝓇𝓇 + š
8 � 

+𝐹𝐹 �
𝓇𝓇 + 7š

8 �� +
1

32 �𝐹𝐹 �
15𝓇𝓇 + š

16 � + 𝐹𝐹 �
𝓇𝓇 + 15š

16 �� +
1

64 �𝐹𝐹 �
31𝓇𝓇 + š

32 � +𝐹𝐹 �
𝓇𝓇 + 31š

32 � 

+𝐹𝐹 �
63𝓇𝓇 + š

64 � + 𝐹𝐹 �
𝓇𝓇 + 63š

64 �� + (š −𝓇𝓇) �
1

64 �𝐹𝐹′ �
𝓇𝓇 + 3š

4 � − 𝐹𝐹′ �
3𝓇𝓇 + š

4 �� 

+
1

256
�𝐹𝐹′ �

𝓇𝓇 + 7š
8 � − 𝐹𝐹′ �

7𝓇𝓇 + š
8 �� +

1
1024 �𝐹𝐹′ �

𝓇𝓇 + 15š
16 � − 𝐹𝐹′ �

15𝓇𝓇 + š
16 �� 

+
1

4096 �𝐹𝐹′ �
𝓇𝓇 + 31š

32 � − 𝐹𝐹′ �
31𝓇𝓇 + š

32 �� +
1

8192 �𝐹𝐹′ �
𝓇𝓇 + 63š

64 � − 𝐹𝐹′ �
63𝓇𝓇 + š

64 ��� 

−
2341

393216
(š −𝓇𝓇){𝐹𝐹′(š) − 𝐹𝐹′(𝓇𝓇)}� 

≤ 𝑣𝑣 �
𝓇𝓇 + š

2 � (𝛤𝛤 − 𝑆𝑆)(š − 𝓇𝓇). 

𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻 𝟓𝟓.     With the assumptions of 𝑇𝑇ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 2, we have the following inequality which holds 

�
š− 𝐸𝐸(𝑇𝑇)

š− 𝓇𝓇 −
1
4 �𝐹𝐹

(𝓉𝓉) + 𝐹𝐹(𝓇𝓇 + š − 𝓉𝓉) +
1
2 �𝐹𝐹 �

𝓇𝓇 + 𝓉𝓉
2 � + 𝐹𝐹 �

𝓇𝓇 + 2š− 𝓉𝓉
2 �� +

1
4 �𝐹𝐹 �

3𝓇𝓇 + 𝓉𝓉
4 � 

+𝐹𝐹 �
𝓇𝓇 + 4š − 𝓉𝓉

4 �� +
1
8 �𝐹𝐹 �

7𝓇𝓇 + 𝓉𝓉
8 � + 𝐹𝐹 �

𝓇𝓇 + 8š− 𝓉𝓉
8 �� +

1
16 �𝐹𝐹 �

15𝓇𝓇 + 𝓉𝓉
16 � 

+𝐹𝐹 �
𝓇𝓇 + 16š− 𝓉𝓉

16
� + 𝐹𝐹 �

31𝓇𝓇 + 𝓉𝓉
32 � + 𝐹𝐹 �

𝓇𝓇 + 32š− 𝓉𝓉
32 �� + �𝓉𝓉 −

5𝓇𝓇 + 3š
8 � {2{𝐹𝐹′(𝓇𝓇 + š − 𝓉𝓉) 

−𝐹𝐹′(𝓉𝓉)} +
1
2 �𝐹𝐹′ �

𝓇𝓇 + 2š− 𝓉𝓉
2 � − 𝐹𝐹′ �

𝓇𝓇 + 𝓉𝓉
2 �� +

1
8 �𝐹𝐹′ �

𝓇𝓇 + 4š − 𝓉𝓉
4 � − 𝐹𝐹′ �

3𝓇𝓇 + 𝓉𝓉
4 �� 

+
1

32 �𝐹𝐹′ �
𝓇𝓇 + 8š− 𝓉𝓉

8 � − 𝐹𝐹′ �
7𝓇𝓇 + 𝓉𝓉

8 �� +
1

128 �𝐹𝐹′ �
𝓇𝓇 + 16š− 𝓉𝓉

16 � − 𝐹𝐹′ �
15𝓇𝓇 + 𝓉𝓉

16 ��� 

+
1

512 �𝓉𝓉 −
3𝓇𝓇 + š

4
� �𝐹𝐹′ �

𝓇𝓇 + 32š− 𝓉𝓉
32

� − 𝐹𝐹′ �
31𝓇𝓇 + 𝓉𝓉

32
��� −

𝐹𝐹′(š) − 𝐹𝐹′(𝓇𝓇)
(š − 𝓇𝓇)2  

×
1

98304
(𝓉𝓉 − 𝓇𝓇)3 +

4681
12288 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

3

−
12483
32768 �𝓉𝓉 −

𝓇𝓇 + š
2 �

3

� 

≤
1
𝜋𝜋
‖𝐹𝐹′′′‖2 �

1
167772160

(𝓉𝓉 − 𝓇𝓇)5 +
1082401
5242880 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

5

−
34636833

167772160 �𝓉𝓉 −
𝓇𝓇 + š

2 �
5

 

− 1
š−𝓇𝓇

� 1
98304

(𝓉𝓉 − 𝓇𝓇)3 + 4681
12288

�𝓉𝓉 − 3𝓇𝓇+š
4
�
3
− 12483

32768
�𝓉𝓉 − 𝓇𝓇+š

2
�
3
�
2
�

1
2

,                  (3.3) 

∀ 𝓉𝓉 ∈ �𝓇𝓇,𝓇𝓇+š
2
�, where 𝐸𝐸(𝑇𝑇) is the expectation of  𝑇𝑇. 

𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷:  By using (2.15) and the same condition that we use in above theorem, we get the required inequality (3.3). 

𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝒂𝒂𝒓𝒓𝒓𝒓  𝟓𝟓.  By replacing  𝓉𝓉 = 𝓇𝓇+š
2

 in (3.3), then 

�
š − 𝐸𝐸(𝑇𝑇)

š − 𝓇𝓇
− �

1
2𝐹𝐹 �

𝓇𝓇 + š
2 � +

1
8 �𝐹𝐹 �

3𝓇𝓇 + š
4 � + 𝐹𝐹 �

𝓇𝓇 + 3š
4 �� +

1
16 �𝐹𝐹 �

7𝓇𝓇 + š
8 � 

+𝐹𝐹 �
𝓇𝓇 + 7š

8 �� +
1

32 �𝐹𝐹 �
15𝓇𝓇 + š

16 � + 𝐹𝐹 �
𝓇𝓇 + 15š

16 �� +
1

64 �𝐹𝐹 �
31𝓇𝓇 + š

32 � +𝐹𝐹 �
𝓇𝓇 + 31š

32 � 

+𝐹𝐹 �
63𝓇𝓇 + š

64 � + 𝐹𝐹 �
𝓇𝓇 + 63š

64 �� + (š −𝓇𝓇) �
1

64 �𝐹𝐹′ �
𝓇𝓇 + 3š

4 � − 𝐹𝐹′ �
3𝓇𝓇 + š

4 �� 
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+
1

256 �𝐹𝐹′ �
𝓇𝓇 + 7š

8 � − 𝐹𝐹′ �
7𝓇𝓇 + š

8 �� +
1

1024 �𝐹𝐹′ �
𝓇𝓇 + 15š

16 � − 𝐹𝐹′ �
15𝓇𝓇 + š

16 �� 

+
1

4096
�𝐹𝐹′ �

𝓇𝓇 + 31š
32 � − 𝐹𝐹′ �

31𝓇𝓇 + š
32 �� +

1
8192 �𝐹𝐹′ �

𝓇𝓇 + 63š
64 � − 𝐹𝐹′ �

63𝓇𝓇 + š
64 ��� 

−
2341

393216
(š −𝓇𝓇){𝐹𝐹′(š) − 𝐹𝐹′(𝓇𝓇)}� 

≤
1
𝜋𝜋
‖𝐹𝐹′′′‖2(š − 𝓇𝓇)

5
2

1
196608

�2337080251
10

. 

𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻 𝟔𝟔. With the assumptions of 𝑇𝑇ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 3, we have the following inequality which holds 

�
š− 𝐸𝐸(𝑇𝑇)

š− 𝓇𝓇
−

1
4 �𝐹𝐹

(𝓉𝓉) + 𝐹𝐹(𝓇𝓇 + š − 𝓉𝓉) +
1
2 �𝐹𝐹 �

𝓇𝓇 + 𝓉𝓉
2 � + 𝐹𝐹 �

𝓇𝓇 + 2š− 𝓉𝓉
2 �� +

1
4 �𝐹𝐹 �

3𝓇𝓇 + 𝓉𝓉
4 � 

+𝐹𝐹 �
𝓇𝓇 + 4š − 𝓉𝓉

4
�� +

1
8 �𝐹𝐹 �

7𝓇𝓇 + 𝓉𝓉
8 � + 𝐹𝐹 �

𝓇𝓇 + 8š− 𝓉𝓉
8 �� +

1
16 �𝐹𝐹 �

15𝓇𝓇 + 𝓉𝓉
16 � 

+𝐹𝐹 �
𝓇𝓇 + 16š− 𝓉𝓉

16
� + 𝐹𝐹 �

31𝓇𝓇 + 𝓉𝓉
32 � + 𝐹𝐹 �

𝓇𝓇 + 32š− 𝓉𝓉
32 �� + �𝓉𝓉 −

5𝓇𝓇 + 3š
8 � {2{𝐹𝐹′(𝓇𝓇 + š − 𝓉𝓉) 

−𝐹𝐹′(𝓉𝓉)} +
1
2 �𝐹𝐹′ �

𝓇𝓇 + 2š− 𝓉𝓉
2 � − 𝐹𝐹′ �

𝓇𝓇 + 𝓉𝓉
2 �� +

1
8 �𝐹𝐹′ �

𝓇𝓇 + 4š − 𝓉𝓉
4 � − 𝐹𝐹′ �

3𝓇𝓇 + 𝓉𝓉
4 �� 

+
1

32 �𝐹𝐹′ �
𝓇𝓇 + 8š− 𝓉𝓉

8 � − 𝐹𝐹′ �
7𝓇𝓇 + 𝓉𝓉

8 �� +
1

128 �𝐹𝐹′ �
𝓇𝓇 + 16š− 𝓉𝓉

16 � − 𝐹𝐹′ �
15𝓇𝓇 + 𝓉𝓉

16 ��� 

+
1

512 �𝓉𝓉 −
3𝓇𝓇 + š

4 � �𝐹𝐹′ �
𝓇𝓇 + 32š− 𝓉𝓉

32 � − 𝐹𝐹′ �
31𝓇𝓇 + 𝓉𝓉

32 ��� −
𝐹𝐹′(š) − 𝐹𝐹′(𝓇𝓇)

(š − 𝓇𝓇)2  

× �
1

98304
(𝓉𝓉 − 𝓇𝓇)3 +

4681
12288 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

3

−
12483
32768 �𝓉𝓉 −

𝓇𝓇 + š
2 �

3

�� 

≤
�𝜎𝜎(𝐹𝐹′′)

š − 𝓇𝓇 �
1

167772160
(𝓉𝓉 − 𝓇𝓇)5 +

1082401
5242880 �𝓉𝓉 −

3𝓇𝓇 + š
4 �

5

−
34636833

167772160 �𝓉𝓉 −
𝓇𝓇 + š

2 �
5

 

− 1
š−𝓇𝓇

� 1
98304

(𝓉𝓉 − 𝓇𝓇)3 + 4681
12288

�𝓉𝓉 − 3𝓇𝓇+š
4
�
3
− 12483

32768
�𝓉𝓉 − 𝓇𝓇+š

2
�
3
�
2
�

1
2

.   (3.4) 

∀ 𝓉𝓉 ∈ �𝓇𝓇,𝓇𝓇+š
2
�, where 𝐸𝐸(𝑇𝑇) is the expectation of  𝑇𝑇. 

𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷: By using (2.17) and the same condition that we use in above theorem, we get the required inequality (3.4). 

𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪  𝟔𝟔. By replacing  𝓉𝓉 = 𝓇𝓇+š
2

 in(3.4), then 

�
š − 𝐸𝐸(𝑇𝑇)

š − 𝓇𝓇 − �
1
2𝐹𝐹 �

𝓇𝓇 + š
2 � +

1
8 �𝐹𝐹 �

3𝓇𝓇 + š
4 � + 𝐹𝐹 �

𝓇𝓇 + 3š
4 �� +

1
16 �𝐹𝐹 �

7𝓇𝓇 + š
8 � 

+𝐹𝐹 �
𝓇𝓇 + 7š

8 �� +
1

32 �𝐹𝐹 �
15𝓇𝓇 + š

16 � + 𝐹𝐹 �
𝓇𝓇 + 15š

16 �� +
1

64 �𝐹𝐹 �
31𝓇𝓇 + š

32 � +𝐹𝐹 �
𝓇𝓇 + 31š

32 � 

+𝐹𝐹 �
63𝓇𝓇 + š

64 � + 𝐹𝐹 �
𝓇𝓇 + 63š

64 �� + (š −𝓇𝓇) �
1

64 �𝐹𝐹′ �
𝓇𝓇 + 3š

4 � − 𝐹𝐹′ �
3𝓇𝓇 + š

4 �� 

+
1
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�𝐹𝐹′ �

𝓇𝓇 + 7š
8
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1
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�� 
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32 �� +

1
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64 ��� 

−
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393216
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3
2

1
196608

�2337080251
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4. Conclusion 
    In this paper, we introduced some new results of Ostrowski's 

type inequalities for various norms by using well known 
inequalities. We also examined modified results. Notably, we 
developed a new peano kernel i.e., 13-step quadratic kernel. 
Lastly, we implemented our outcomes to the domain of 
cumulative distributive functions. In future, one can extend this 
work by using n-step kernel for different norms and for the 
function of bounded variation. 
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